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1. Introduction and Definitions
Let Tnp denote the class of functions fz of the form




k ak ≥ 0; n, p ∈ N  {1, 2, 3, . . .}, 1.1
which are analytic and multivalent in the unit disk U  {z : z ∈ C and |z| < 1}.
The fractional calculus are defined as follows e.g., 1, 2	.








dξ δ > 0, 1.2
where fz is an analytic function in a simply-connected region of the z-plane containing the
origin and the multiplicity of z − ξδ−1 is removed by requiring log z − ξ to be real when
z − ξ > 0.
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dξ 0 ≤ δ < 1, 1.3
where fz is constrained and multiplicity of z − ξ−δ is removed as in Definition 1.1.







0 ≤ δ < 1, n ∈ N0  N ∪ {0}
)
. 1.4
av denotes the Pochhammer symbol (or the shifted factorial), since
1n  n! for n ∈ N0 : N ∪ {0}, 1.5






1, v  0, a ∈ C \ {0},
aa  1 · · · a  n − 1, v  n ∈ N; a ∈ C. 1.6
The earlier investigations by Goodman 3, 4	 and Ruscheweyh 5	, we define the n, p, ε-






































hz : zp. 1.9
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Fz > α 0 ≤ α < p, p ∈ N, 1.10
where
Fz  λzD1δz fz  1 − λDδzfz 0 ≤ λ ≤ 1, 0 ≤ δ < 1. 1.11
We note that the class S01,1λ, αwas investigated by Altıntas¸ 6	 and the class S0n,pλ, α
was studied by Altıntas¸ et al. 7, 8	 .
We donote by
S0n,p0, α  S∗np, α, S0n,p1, α  Cnp, α 1.12
the classes of p-valently starlike functions of order α in U 0 ≤ α < p and p-valently convex
functions of order α in U 0 ≤ α < p, respectively see, 2, 9		.
Finally Kδn,pλ, α, μ denote the subclass of the general class Tnp consisting of
functions fz ∈ Tnp satisfying the following nonhomogeneous Cauchy-Euler diﬀerential
equation:
z2D2δz ω  21  μzD1δz ω  μ1  μDδzω  p − δ  μp − δ  μ  1Dδzg, 1.13
where ω  fz, fz ∈ Tnp, g  gz ∈ Sδn,pλ, α and μ > δ − p.
The main object of the present paper is to give coeﬃcients bounds and distortion
inequalities for functions in the classes Sδn,pλ, α andKδn,pλ, α, μ.
2. Coefficient Bounds and Distortion Inequalities
We begin by proving the following result.
Lemma 2.1. Let the function fz ∈ Tnp be defined by 1.1. Then fz is in the class Sδn,pλ, α
if and only if
∞∑
knp
k  1 − δδk − α − δ1  λk − 1 − δ	ak ≤ p  1 − δδp − α − δ1  λp − 1 − δ	
0 ≤ λ ≤ 1; 0 ≤ α < p − δ; 0 ≤ δ < 1; p ∈ N.
2.1
The result is sharp for the function fz given by
fz  zp − p  1 − δδp − α − δ1  λp − 1 − δ	
n  p  1 − δδn  p − α − δ1  λn  p − 1 − δ	
znp. 2.2
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Proof. Let fz ∈ Tnp and Fz be defined by 1.11. Suppose that fz ∈ Sδn,pλ, α. Then,





p  1 − δδ1  λp − 1 − δ	zp−δ −
∑∞
knpk  1 − δδ1  λk − 1 − δ	akzk−δ
> α.
2.3
By letting z → 1− along the real axis, we arrive easily at the inequality in 2.1.
Lemma 2.2. Let the function fz given by 1.1 be in the class Sδn,pλ, α. Then
∞∑
knp
k  1 − δδ ak ≤
p  1 − δδp − α − δ1  λp − 1 − δ	
n  p − α − δ1  λn  p − 1 − δ	 , 2.4
∞∑
knp
k  1 − δδ kak ≤
p  1 − δδp − α − δ1  λp − 1 − δ	n  p
n  p − α − δ1  λn  p − 1 − δ	 . 2.5
Proof. By using Lemma 2.1, we find from 2.1 that
n  p − α − δ1  λn  p − 1 − δ	
∞∑
knp




k  1 − δδk − α − δ1  λk − 1 − δ	ak
≤ p  1 − δδp − α − δ1  λp − 1 − δ	,
2.6
which immediately yields the first assertion 2.4 of Lemma 2.2.
For the proof of second assertion, by appealing to 2.1, we also have
1  λn  p − δ − 1	
{ ∞∑
knp
k  1 − δδkak − α  δ
∞∑
knp
k  1 − δδak
}
≤ p  1 − δδp − α − δ1  λp − 1 − δ	,
2.7
by using 2.4 in 2.7, we can easily get the assertion 2.5 of Lemma 2.2.
The distortion inequalities for functions in the class Kδn,pλ, α, μ are given by
Theorem 2.3 below.
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Theorem 2.3. Let a function fz ∈ Tnp be in the classKδn,pλ, α, μ. Then
|fz| ≤ |z|p  p  1 − δδp − α − δp − δ  μp − δ  μ  1
n  p  1 − δδn  p − α − δn  p − δ  μ
1  λp − δ − 1
1  λn  p − δ − 1 |z|
np,
2.8
|fz| ≥ |z|p − p  1 − δδp − α − δp − δ  μp − δ  μ  1
n  p  1 − δδn  p − α − δn  p − δ  μ
1  λp − δ − 1
1  λn  p − δ − 1 |z|
np.
2.9
Proof. Suppose that a function fz ∈ Tnp is given by 1.1 and also let the function gz ∈
Sδn,pλ, α occurring in the nonhomogenous diﬀerential equation 1.13 be given as in the
Definitions 1.2 or 1.3 with of course
bk ≥ 0 k  n  p, n  p  1, . . .. 2.10
Then we easily see from 1.13 that
ak 
p − δ  μp − δ  μ  1
k − δ  μk − δ  μ  1bk k  n  p, n  p  1, . . .. 2.11
So that




k  zp −
∞∑
knp
p − δ  μp − δ  μ  1
k − δ  μk − δ  μ  1bkz
k, 2.12
|fz| ≤ |z|p  |z|np
∞∑
knp
p − δ  μp − δ  μ  1
k − δ  μk − δ  μ  1bk. 2.13
Since gz ∈ Sδn,pλ, α, the first assertion 2.4 of Lemma 2.2 yields the following inequality:
∣∣bk
∣∣ ≤ p  1 − δδp − α − δ1  λp − δ − 1	
n  p  1 − δδn  p − α − δ1  λn  p − δ − 1	
. 2.14
From 2.13 and 2.14 we have
|fz| ≤ |z|p  |z|np p  1 − δδp − α − δ1  λp − δ − 1	





k − δ  μk − δ  μ  1 ,
2.15
6 Journal of Inequalities and Applications









k − δ  μ −
1




n  p − δ  μ,
2.16
where μ ∈ R\{−n−p, −n−p−1, . . .}. The assertion 2.8 of Theorem 2.3 follows at once from
2.15. The assertion 2.9 of Theorem 2.3 can be proven by similarly applying 2.12, 2.14,
and 2.15, and also 2.16.
By setting δ : 0 in Theorem 2.3, we obtain the following Corollary 2.4.
Corollary 2.4 See Altıntas¸ et al. 8, Theorem 1	. If the functions f and g satisfy the nonhomoge-
neous Cauchy-Euler diﬀerential equation 1.13, then
|fz| ≤ |z|p  p − αp  μp  μ  11  λp − 1	
n  p − αn  p  μ1  λn  p − 1	 |z|
np,
|fz| ≥ |z|p − p − αp  μp  μ  11  λp − 1	
n  p − αn  p  μ1  λn  p − 1	 |z|
np.
2.17
By letting δ : 0, λ : 0 and δ : 0, λ : 1 in Theorem 2.3. We arrive at Corollaries 2.5
and 2.6 see, 8	.
Corollary 2.5. If the functions f and g satisfy the nonhomogeneous Cauchy-Euler diﬀerential equa-
tion 1.13 with g ∈ S∗np, α, then
|fz| ≤ |z|p  p − αp  μp  μ  1
n  p − αn  p  μ |z|
np,
|fz| ≥ |z|p − p − αp  μp  μ  1
n  p − αn  p  μ |z|
np.
2.18
Corollary 2.6. If the functions f and g satisfy the nonhomogeneous Cauchy-Euler diﬀerential equa-
tion 1.13 with g ∈ Cnp, α, then
|fz| ≤ |z|p  pp − αp  μp  μ  1
n  p − αn  p  μn  p |z|
np,
|fz| ≥ |z|p − pp − αp  μp  μ  1
n  p − αn  p  μn  p |z|
np.
2.19
3. Neighborhoods for the Classes Sδn,pλ, α and Kδn,pλ, α, μ
In this section, we determine inclusion relations for the classes Sδn,pλ, α and Kδn,pλ, α, μ
concerning the n, p, ε-neighborhoods is defined by 1.7 and 1.8.
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Theorem 3.1. Let a function fz ∈ Tnp be in the class Sδn,pλ, α. Then




where hz is given by 1.9 and the parameter ε is the given by
ε :
n  pp − δδp − α − δ1  λp − 1 − δ	
n  p − α − δ1  λn  p − 1 − δ	 . 3.2
Proof. Assertion 3.1 would follow easily from the definition of Nεn,pDδzh,Dδz f, which is
given by 1.8with gz replaced by fz and the second assertion 2.5 of Lemma 2.2.
Theorem 3.2. Let a function fz ∈ Tnp be in the classKδn,pλ, α, μ. Then




where gz is given by 1.13 and the parameter ε is the given by
ε :
n  pp − δδp − α − δ1  λp − 1 − δ	n  p − δ  μp − δ  μ  2	
n  p − α − δn  p − δ  μ1  λn  p − 1 − δ	 . 3.4









k − δδkbk 
∞∑
knp
k − δδkak, 3.5












p − δ  μp − δ  μ  1
k − δ  μk − δ  μ  1 k − δδkbk.
3.6
Since gz ∈ Sδn,pλ, α, the second assertion 2.5 of Lemma 2.2 yields that
k − δδkbk ≤
n  pp − δδp − α − δ1  λp − 1 − δ	
n  p − α − δ1  λn  p − 1 − δ	 k  n  p, n  p  1, . . .. 3.7
8 Journal of Inequalities and Applications






≤ n  pp − δδp − α − δ1  λp − 1 − δ	
n  p − α − δ1  λn  p − 1 − δ	
(
1 
p − δ  μp − δ  μ  1










≤ n  pp − δδp − α − δ1  λp − 1 − δ	
n  p − α − δ1  λn  p − 1 − δ	 ·
n  p − δ  μp − δ  μ  2	
n  p − δ  μ : ε.
3.9
Thus, by definition 1.7 with gz interchanged by fz, fz ∈ Nεn,pDδz g,Dδzf. This
evidently completes the proof of Theorem 3.2.
By setting δ  0 in Theorem 3.2, we receive the following result.
Corollary 3.3. If the function fz ∈ Tnp is in the classK0n,pλ, α, μ. Then
K0n,pλ, α, μ ⊂ Nεn,pg, f, 3.10
where gz is given by 1.13 and the parameter ε is the given by
ε :
n  pp − α1  λp − 1	n  p  μp  μ  2	
n  p − αn  p  μ1  λn  p − 1	 . 3.11
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